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Optical Fréedericksz transition in liquid crystals and transfer of the orbital
angular momentum of light

Bruno Piccirillo,* Angela Vella,† and Enrico Santamato‡

Istituto Nazionale di Fisica della Materia, Dipartimento di Scienze Fisiche, via Cintia, 80126 Napoli, Italy
~Received 23 July 2003; published 17 February 2004!

Multistability, out-of-polarization-plane reorientation, and persistent oscillations have been observed in the
optical Fréedericks transition in a homeotropically aligned nematic film using a normally incident linearly
polarized laser beam with elliptical rather than circular cross section. These features could be ascribed to the
presence of an additional optical torque connected with a transfer of the orbital angular momentum of light to
the liquid crystal film. A model based on Ritz’s variational method confirms this picture.
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I. INTRODUCTION

When a linearly polarized laser beam is focused at nor
incidence onto a homeotropically aligned nematic film, t
reorientation of the molecular directorn is induced only
when the laser intensity exceeds a characteristic thres
valueI th . The transition to the distorted state is usually s
ond order and it is known as the optical Fre´edericksz transi-
tion ~OFT! @1,2#. The OFT is one of the most known an
most studied nonlinear optical effects in liquid crystals~LC!
~for a review on the subject see, for example, Refs.@3–5#!.
Above the thresholdI th , the distorted state is stable and t
distortion increases with the incident laser powerP until
saturation is reached. The phenomenon is quite similar to
well known Fréedericksz effect observed in nematics in t
presence of static electric fields@6#. Bistability and director
oscillations were neither reported nor theoretically predic
in the OFT. The possibility of changing the OFT so to obta
two or more steady states at the same incident light poweP
has attracted much attention in view of potential appli
tions, and several experiments have been considered du
the last two decades. Bistability in the OFT was obtained,
example, by applying a second field, either magnetic@7# or
optical @8#, by adding small amount of cholesteric liqu
crystal to the nematic material@9#, or by introducing strong
external feedback by a Fabry Perot cavity@10# or an optical
fiber @11,12#. In the present work, we will prove, amon
other things, that multiple stable steady states can be
tained by using a laser beam having an elliptical intens
profile. Recent experiments proved, in fact, that the opt
reorientation in nematics is dramatically affected by t
shape of the incident laser beam@13,14#. In particular, it was
observed that when the laser beam had an elliptical ra
than circular profile, the LC molecules tend to rotate alo
the beamz axis until they end up aligned along the maj
axis of the beam cross section. This aligning effect w
found still present when the light beam was completely
polarized and thez component of the optical torqueto acting
on the unit volumetz

o5(1/8p)Re(D* 3E)z ~D andE denote
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the electric induction and field in Gaussian units, resp
tively! averages to zero. This proves the existence of a no
yet unexplored, source of optical torque@13,14#. Soon after,
it was suggested that the new source of optical torque co
be the transfer to the LC of thez component of the orbital,
rather than the spin, angular momentum of light@15#.

The aim of the present paper is to investigate in so
detail the changes induced in the OFT by the elliptical sh
of the laser beam and by the extra torque connected with
orbital angular momentum of light. All measurements we
made in the standard configuration for the OFT: normal
cidence, linear light polarization, and homeotropic init
alignment of the nematic film. The only difference was th
the beam cross section at the film position was set ellipt
rather than circular. All observations reported in this wo
refer to an elliptically shaped laser beam having waistswx
5178 mm and wy512 mm at the sample position. In ou
experiments, the optical reorientation was studied as a fu
tion of the laser beam powerP and of the angleb between
the major axis of the beam intensity profile and the polari
tion direction. Some observations, as the increase of the O
threshold withb, were expected, but others were surprisin
For example, just above the threshold for the OFT, multi
steady states were observed forb.10°, and forb>60° per-
sistent oscillations of the molecular director arose sponta
ously. These phenomena were never reported in the stan
OFT with circularly shaped laser beams. The paper is s
tioned as follows: in Sec. II, we present a model account
for the main features of the observed phenomena and st
ing the role played by the angular momentum of light in t
reorientation process. It is worth noting that usual appro
mations made in the optics of liquid crystals, namely, t
plane-wave and the one-elastic-constant approximations
inadequate in the present case: the transverse coordinate
the elastic anisotropy play here an essential role. This ren
the modeling problem very difficult. In Sec. III, our exper
mental results are presented and compared with the the
Finally, in Sec. IV, our conclusions are drawn.

II. THE MODEL

Liquid crystals are birefringent materials very sensitive
the polarization of light. The polarization of light is related
the photon spin angular momentum, which therefore can
transferred from the light beam to the LC material. The p
©2004 The American Physical Society02-1
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sibility of transferring the spin angular momentum of light
LC was demonstrated in several experiments@16–18# and
used, in more recent times, to obtain accurate angular con
of the molecular orientation@19#. The possibility of transfer-
ring the orbital angular momentum of light was explore
only recently@15#, although very general variational three
dimensional approaches to the optical distortion in liqu
crystals lead to conservation laws including the orbital p
of the optical angular momentum@20#. In typical experi-
ments on laser-induced reorientation, the laser beam is
cused into the LC sample to a spot of a few hundred micr
or less. Above the threshold for the OFT, the optical reorie
tation is thus confined to a very small region in the foc
zone, producing a spatially inhomogeneous distribution
the refractive index. The reoriented LC sample can be
similated, therefore, to a thin microlens whose index pro
may eventually change in time. If the intensity profile of th
incident laser beam is elongated, the refractive index pro
will be elongated as well, leading to an effective cylindrica
like laser-induced microlens. In general, the axis of the
lindrical microlens may be not aligned with the axis of th
beam profile. In these conditions, the refraction of the ell
tically shaped laser beam through the microlens may prod
a torque on it, as shown in Fig. 1. It is clear from the figu
that the couple of forces acting on the lens is due to pho
recoil during refraction and, hence, this couple origina
from the orbital angular momentum of the light beam. W
may expect, therefore, that the LC could be also sensitive
the orbital part of the light angular momentum. The possib
ity of extracting the orbital angular momentum from the lig

FIG. 1. The reoriented liquid crystal can be considered a
cylindrical microlens. Refraction of the incident beam by this le
results in a couple of forcesFa andFb acting on the lens itself.
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beam depends crucially on the presence of transverse g
ents in the refractive index of the medium. This renders
plane-wave approximation, which works so well to descr
the transfer of the optical spin to LC@18#, completely inad-
equate from the very first beginning. Transverse coordina
must be retained in any model aiming at describing the
fects due to the orbital angular momentum of light. In th
respect, the transfer of the orbital angular momentum from
light beam to a LC film can be regarded as a sort of ‘‘tran
verse effect.’’ Transverse effects in the optical reorientat
of LC have been rarely considered in the literature a
mainly concerning the increase of the OFT threshold due
the finite cross section of the incident beam@21–23#. In this
section, we present a more general approach to transv
effects in the OFT, which allows us to include more delica
phenomena related to the shape of the beam profile, inc
ing the transfer of the orbital angular momentum of light.

Let us consider the typical geometry of the OFT: a li
early polarized laser beam is focused at normal incide
onto a homeotropically aligned nematic LC film havin
thicknessL. The only difference with the usual OFT exper
mental configuration is that we allow for an arbitrary bea
intensity profileI (x,y) at the film location. We assume th
LC sample so thin that self-focusing as well as deflection
light can be neglected@24#. Hence, the profileI (x,y) is in-
dependent of thez coordinate. In our experiments a TEM00
laser beam was focused into the sample by two cylindr
lenses having their cylindrical axes aligned along thex andy
directions, respectively. We may assume therefore the in
sity profile to be Gaussian at the sample position with diff
ent waistswx andwy :

I ~x,y!5I 0 e22(x2/wx
2
1y2/wy

2), ~1!

whereI 052P/(pwxwy) andP is the total power carried by
the beam. The phase profile of the incident beam is assu
to be uniform over the transverse cross section and its po
ization is assumed linear at angleb with respect to thex axis.
Without loss of generality we may takewx.wy . In the case
of a linearly polarized beam with circular cross section (wx
5wy) the experimental geometry reduces to that of the st
dard OFT@2#. We expect, therefore, that also when the be
profile is elliptical no reorientation occurs until the intensi
I 0 at the center of the beam reaches a critical threshold va
Very close to the threshold, the laser-induced reorientatio
small, and we may assumenz.1 and considernx andny as
small quantities. Moreover, in view of the homeotrop
boundary conditions atz50 andz5L, we may take

nx.u~x,y,t !cosf~z,t !sinS pz

L D ,

ny.u~x,y,t !sinf~z,t !sinS pz

L D ,

nz.1, ~2!

whereu(x,y,t) is the small zenithal angle betweenn and the
z axis. Because no transverse boundary conditions are

a
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posed on the azimuthal anglef, we may assume it to be
uniform in thex,y plane. The homeotropic alignment implie
]zf(0,t)5]zf(L,t)50. The functionf(z,t) may be ex-
panded in a series of Chebychev polynomials@25# and only
the lowest mode retained, yielding

f~z,t !5f0~ t !22f1~ t !cosS pz

L D . ~3!

The anglef0(t) is the director azimuthal angle averag
over the sample length and the anglef1(t) is proportional to
the director torsionDf(t)5f(L,t)2f(0,t)54f1(t) along
thez axis. Because of the homeotropic alignment imposed
e

n-
a

am
ay

n

n
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the walls,nx andny vanish outside the illuminated region, s
we may assumeu(x,y,t) having a Gaussian elliptical profile
too:

u~x,y,t !5u0~ t !e2[ r•Q(t)r] , ~4!

whereQ(t) is a 232 time-dependent positive definite sym
metric matrix andr5(x,y). The angleu0(t) is the value of
the u angle along the beam axis. The matrixQ(t) has three
independent components uniquely related to the major
lengthu1(t), the minor axis lengthu2(t), and the angleg(t)
between thex axis and the major axis of theu profile; Q(t)
is explicitly defined as
Q~ t !5S cos2g~ t !

u1
2~ t !

1
sin2g~ t !

u2
2~ t !

S 1

u1
2~ t !

2
1

u2
2~ t !

D sing~ t !cosg~ t !

S 1

u1
2~ t !

2
1

u2
2~ t !

D sing~ t !cosg~ t !
sin2g~ t !

u1
2~ t !

1
cos2g~ t !

u2
2~ t !

D . ~5!
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The axes lengthsu1(t) and u2(t) are defined at 1/e of the
maximum valueu0 of the u profile. In this way, the whole
reorientation in the sample is parametrized by six tim
dependent quantities (pa , a51, . . . ,6!, each endowed with
a simple physical meaning:u0(t),f0(t),f1(t),g(t), u1(t),
u2(t). Out of equilibrium, the dynamical equations gover
ing the evolution of these quantities were deduced by me
of Ritz’s variational method for dissipative systems@26#, i.e.,

]F
]pa

5
]R
] ṗa

, ~6!

where the dot means the time derivative, and

F5
1

2EV
dV@k11~divn!21k22~n•rotn!2

1k33~n3rotn!222w# ~7!

is the free energy of the system as a function of the par
eters.kii ,i 51,2, and 3 are the LC elastic constants for spl
twist, and bend, respectively, andw is the density of electro-
magnetic energy in the sample volumeV. In Eq.~6!, R is the
dissipative function, that, neglecting backflow, reduces to

R5
g1

2 E
V
dV~] tn•] tn!, ~8!

whereg1 is a viscosity coefficient. The electromagnetic e
ergy densityw in Eq. ~7! is expressed as a function ofn,
I (x,y), and of the reduced Stokes vectors yielding the po-
larization of the optical field propagating in the LC film. I
the geometric optics approximation~GOA! and in the small
birefringence limit,w reduces to@18#
-

ns

-
,

-

w5
I ~x,y!

2c
@no1$n̄~u!2n0%~11V•s!#, ~9!

where V5~cos 2f,sin 2f,0!, c is the speed of light in
vacuum~cgs units are used!, no is the LC ordinary refractive
index, andn̄(u) is the refractive index seen by the extrao
dinary wave, given by

n̄~u!5
none

Ane
2cos2u1no

2sin2u
5no1

no~ne
22no

2!

2ne
2

u21o~u!4,

~10!

wherene is the extraordinary refractive index of the materia
When the light traverses the LC film, its intensity profi
I (x,y) remains unchanged but its polarization may
strongly affected. In the case of normal incidence and v
small twist deformation@f1(t)!1#, the GOA is prevailing
and the equation governing the polarization state of the li
can be cast in the precession form@18#

]s

]a
5V3s, ~11!

where

a5
2p

l E
0

z

dz@ n̄~u!2no#

5
no~ne

22n0
2!

4ne
2l

F2pz2LsinS 2pz

L D Gu2~x,y,t ! ~12!

is the phase difference between the extraordinary and
ordinary wave in the givenz plane, andl is the light wave-
length in vacuum. In evaluating the electromagnetic ene
2-3
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W5*Vw dV, s is integrated over the transversex,y plane
with I (x,y) as weight function. Only the central part of th
beam contributes effectively to the integral, so we can so
Eq. ~11! settingx5y50. Then, the integration of Eq.~11!
can be done analytically whenu0(t) and f1(t) are small
@25#. The ordinary differential equations~ODE! of our model
have been obtained by inserting the solution of Eq.~11! and
the ansatz~2!, ~3!, and ~4! into Eqs. ~6! after having ex-
panded the total free energyF up to the fourth order in the
small parametersu0(t) and f1(t). The phase differencea,
however, although proportional tou0

2, was not considered
small, because it can range over severalp even if u0!1.
The six ODE for the parameterspa ~a51, . . . ,6! are first
order in time and they have been integrated numerically
different values of the control parametersP andb. The ODE
are too long to be reported here in full and they will
discussed in deeper details in a forthcoming paper. A clo
inspection in these equations shows, however, that the e
tions for the director azimuthal anglef0(t) and for the angle
g(t) of theu distribution describe the transfer of the spin a
the orbital angular momentum from the light beam to the
sample, respectively. The form of these two equations is

A~pa!ḟ052
P

v
Ds31t int , ~13!

B~pa!ġ~ t !52
Pe

v
DLz2t int , ~14!

whereA andB are functions of the other parameters,v is the
optical frequency,s3 is the Stokes parameter measuring t
average spin angular momentum per photon~in units of \),
and DLz is the average orbital angular momentum tra
ferred per photon~in units of \), given by@27#

DLz5P21E E dxdyI~x,y!~x]y2y]x!Da~x,y!. ~15!

In this equation, Da(x,y)5a(x,y,L)2a(x,y,0) is the
phase difference suffered by the extraordinary wave in
versing the sample given by Eq.~12! at z5L, and, in Eq.
~14!, Pe is the power carried out by the extraordinary wa
only

Pe5P@11cos~2f0~ t !2b!#. ~16!

The ordinary wave does not contribute to the orbital angu
momentum transfer because its phase change is uniform
the transverse plane. Both the ordinary and the extraordin
waves contribute instead to the polarization ellipticity chan
Ds3. Small first-order terms inf1(t) have been neglected i
Eq. ~16!, but they have been retained in the model. The pr
ence of the torsion degree of freedomf1(t) in our model is
essential, because, when omitted, the oscillating regimes
served in the experiments, cannot be retrieved. Finally,
notice the presence of the torquet int in Eqs.~13! and ~14!.
This torque is elastic in origin being proportional to the ela
tic anisotropyDk125k112k22 of the LC, and depends on th
transverse gradients ofn. Its presence is due to the lack o
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invariance ofF under separate infinitesimal rotations of th
molecular directorn~r! and of the center-of-massr of the
considered fluid element. In the plane-wave approximati
wheren depends on thez coordinate only,t int vanishes and
Eq. ~13! reduces to the well known equation governing t
transfer of the spin angular momentum to LC films@16#.
When Eqs.~13! and~14! are added together,t int cancels out,
being an internal torque, and we find that the rotational m
tion of the LC around thez axis is entirely governed by the
total ~spin1angular! momentum subtracted to the incide
beam. In particular, at steady state whenḟ5ġ50, the spin
and the orbital part of the light angular momentum mu
balance each other. Both quantities depend on the ph
changeDa, so that the balance condition can be regarded
a transcendent equation forDa. BecauseDs3 has a period 2p
as a function ofDa, this equation has multiple solutions
yielding to the appearance of multiple steady states. B
model and experiment show that the different branches
steady states correspond to values ofa roughly spaced by
2p. We may conclude therefore that the multistability of t
system observed in the experiments originates from the
ance between the spin and the orbital angular momentum
the light transferred to the sample at steady state.

III. THE EXPERIMENTAL RESULTS

In our experiments, we used a frequency doubled cw N
YVO4 laser source, working atl5532 nm. The sample wa
a 50-mm-thick E7 nematic film sandwiched between gla
covers coated with DMOAP for strong homeotropic alig
ment. The laser intensity profile at the sample position w
made elliptical by using two cylindrical lenses with foc
lengths f x5500 mm andf y530 mm in thex and y direc-
tions, respectively. The beam radii (1/e2 intensity! at the lens
common focal plane were found to bewx5(17865) mm
and wy5(1263) mm, corresponding to a profile ellipticity
m5wx /wy'15. Our detection apparatus has already be
described in detail elsewhere@28#, and we sketch here its
main features only. A charge-coupled device camera an
rotating polarizer were used, respectively, to provide sim
taneous and real time measurements of the angular ape
Q and of the polarization direction angleF of the far-field
self-diffraction ring pattern, which formed beyond the L
sample when reorientation took place. For small LC dist
tion we have'Q}a and F.f0, where a is the phase
change in the sample andf0 is the azimuthal angle of the
molecular directorn, averaged over the sample thickne
@28#. The anglesQ andF provide roughly independent de
grees of freedom ofn. Our measurements were performe
using linearly polarized light and changing the powerP inci-
dent on the sample and the polarization angleb. The varia-
tion of b was achieved manually rotating al/2 plate on
purpose inserted in the experimental apparatus. From th
data and from the geometry of the experimental setupa
and f were deduced. In Fig. 2 the observed dynami
regimes have been reported in the plane of the con
parametersP and b. The threshold powerPth needed to
induce the optical reorientation from the undistorted st
as a function of the angleb is also shown~continuous line!
2-4
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together with a second critical power curve~dashed line!
delimiting a zone corresponding to nonlinear oscillations
n. The dots are from experiments and the lines are fr
theory. All theoretical points were calculated using tabula
values for the material constants (ne51.732, no51.524,
k1511.09•1027 dyn, k255.8231027 dyn, k3515.97
31027 dyn, g151.9 dyn sec/cm2). The threshold power
increases withb and reaches its maximum when the lig
polarization is perpendicular to the major axis of the inte
sity profile. The increasing of the threshold power withb
is expected because of the competition between the
and the orbital angular momentum of light: whenb50 they
cooperate in reorienting the LC and the threshold powe
minimum. From the threshold data, we extrapolated
threshold intensity in the plane-wave limit, obtainingI th
55.2 kW/cm2, which is in good agreement with the theore
ical value I th5ck3ne

2p2/@no(ne
22no

2)L2#55.5 kW/cm2.
Starting from the undistorted state, the dynamical variab
were found to reach their asymptotic values in a distor
state monotonically in time with a time constantt527 s, in

FIG. 3. The steady state values ofa andf0 as functions of the
incident powerP for b50°. Full circles are from experiment an
full lines from theory.

FIG. 2. Map of the dynamical regimes in the parameter planeP,
b. Three regions may be recognized:U, undistorted states;D,
steady distorted states;O, oscillating states. The continuous curv
represents the thresholds for the OFT and the dashed curve r
sents the thresholds for the oscillations start up as calculated
our model. Full circles on the first curve and open circle on
second are the experimental points.
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good agreement with the theoretical valuet5g1L2/k33
530 s. The transition from the undistorted state to the re
ented state atP*Pth is foreseen to be second order by t
model, but this cannot be tested in our experiments, es
cially for high values ofb, because of the low resolution i
changing the incident laser power~'2 mW! and because o
the tendency exhibited by the system to jump through a fi
order transition into other stable branches. We made
measurements fromb50 to b590° in steps of 10°. Figures
3–7 show the regime values ofa andf0 as functions of the
incident powerP for b50°, 20°, 50°, 70°, 90°. The theoret
ical curves were obtained upon directly integrating Eq.~6! in
time up tot5100t, conveniently changing the initial condi
tions and the control parameters. This procedure allowed
to reconstruct the map of the stable steady states as well
the oscillating states. The oscillating regimes appear in
figures as clouds of points within a zone measuring the
cillation amplitude. The occurrence of multiple steady sta
is clear from the theory~full lines! and confirmed by our
experiments~dots!, as shown in Figs. 3–7. Retracing expe
mentally theplateauforeseen by our model, however, is ve
difficult. When the power of the incident beam was chang
in fact, the system usually evolves into neighboring branc
of steady states. Due to the fluctuation of the laser po
~;3% nominal!, we were not able to increase the power
steps less than 2 mW large. For this reason, the experime
points appear randomly located on different branches, as
clearly shown in Fig. 5. It is remarkable, however, that t
experimental points fora and f0 locate on corresponding
branches.

In the caseb50 shown if Fig. 3, there is one branch an

re-
m

e

FIG. 4. The steady state values ofa andf0 as functions of the
incident powerP for b520°. Full circles are from experiment an
full lines from theory.

FIG. 5. The steady state values ofa andf0 as functions of the
incident powerP for b550°. Full circles are from experiment an
full lines from theory.
2-5
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the experimental points fit quite well with the calculat
curves. In this case, the reorientation process is very sim
to the usual OFT: above the thresholdPth , a (}u0

2) in-
creases monotonically as a function ofP and f0 remains
close to zero, confirming that the reorientation occurs in
plane of the beam polarization~along the opticalE field!. For
bÞ0 several branches of stable steady states appear bot
a and f0, which moves out of the light polarization plan
Except the lowest branch~a'p!, all other branches corre
spond to 2p jumps of a ~see Figs. 5 and 6!. Oscillatory
regimes were observed whenb*60° within the explored
range ofP ~see Figs. 6–8!.

In the presence of multistability, the fitting to the expe
mental data was difficult, because the experimental po
were randomly distributed on different branches. Nevert
less, we were facilitated by the constraint to locate the
perimental data fora and f0 on corresponding branche
Numerical simulations showed that the dynamical regim
exhibit both qualitative and quantitative aspects which
pend dramatically on the size ofwx and wy . On both a
theoretical and an experimental level, it would be desira
having at our disposal a detailed analysis with respec
these parameters, which is to be dealt with in a future wo

At b590°, in particular, two main effects appear whic
make the situation particularly intriguing. First, as the pow
P is increased, oscillations tend to become irregular. Seco

FIG. 6. The steady state values ofa andf0 as functions of the
incident powerP for b570°. Full and open circles are from exper
ment: the first ones represent steady states, the second ones
lating states. The error bars measure the oscillation amplitude.
lines are from theory.

FIG. 7. The steady state values ofa andf0 as functions of the
incident powerP for b590°. Full and open circles are from exper
ment: the first ones represent steady states, the second ones
lating states. The error bars measure the oscillation amplitude.
lines are from theory.
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as the powerP is decreased, starting from an oscillato
state, the system tends to evolve into a stationary state,
as the one embedded in the cloud of points in Fig. 7.

Finally, an instance of oscillatory regime fora andf0 is
shown in Fig. 8, where the experimental data are super
posed on the theoretical curves.

IV. CONCLUSIONS

We presented a study on the OFT induced in homeotro
cally aligned nematic LC by a linearly polarized laser bea
having elliptical rather than circular transverse profile. T
data were taken as functions of the incident laser poweP
and of the angleb between the beam polarization directio
and the major axis of the beam profile. Above the thresh
to induce the molecular reorientation, we observed the
currence of multiple steady states and of oscillating dyna
cal regimes at large values ofb. The oscillating regimes can
be excited only when the incident power exceeds a sec
critical threshold andb*60°. At b590° the oscillations be-
come irregular when the incident power is further increas
A more detailed study of these irregular dynamical regim
will be postponed to an incoming work. Atb50 the reorien-
tation process is very similar to the standard OFT and
reorientation takes place in the polarization plane of the
cident beam. WhenbÞ0, the reorientation is out of the ligh
polarization plane and, above the OFT threshold, multi
steady states were always observed. Multistability and os
lating regimes were never reported in the standard OFT.
worked out also a model based on Ritz’s variational meth
applied to the total~elastic1optical! free energy. The mode
assumes elongated Gaussian profiles for the incident b
profile and for the profile of the zenithal angleu of the mo-
lecular director. All space coordinates and time were retai
~within a simplified model! and the elastic anisotropy of th
material was taken also into account. In spite of the appro
mations involved, our model was able to predict the occ
rence of multiple steady states and of the observed osc
tions of the molecular director. The overall physical pictu
emerging from our model is that the main features of
observed phenomena are due to the delicate interplay
tween the orbital and the spin parts of the angular mom
tum extracted from the incident light beam. In particula
owing to the homeotropic anchoring at the walls, stea
states can be reached only when the orbital and the

scil-
ull

scil-
ull

FIG. 8. Example of persistent time oscillation atb590° andP
5260 mW. The dots are from experiment and the full line is fro
theory.
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angular momentum transferred to the sample balance to z
This forces the phase changea of the optical wave to assum
values spaced of 2p, yielding multistability. The transitions
between multistable states was predicted~and observed! to
be first order, although the early Fre´edericksz transition from
the undistorted state to the first distorted state was predi
to be second order. Numerical simulations showed a str
dependence of the dynamical regimes on the transvers
mensions of the incident laser beam. Further study in
direction would be devisable. Due to unavoidable fluctu
tions of the laser power, we were unable to explore in gr
details the different branches of stable states, because o
tendency of the system to jump randomly from one branch
the other. A better control of the multistability would be al
.

tt

s

d

E

02170
ro.

ed
g

di-
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-
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devisable, because of potential applications. Finally,
points of the theoretical curves shown in the figures ha
been determined by directly integrating our ODE in tim
This procedure, although straightforward, is very time co
suming and we cannot be sure that some solutions w
missing. A detailed and systematic analysis of our ODE
ing more powerful analytical and numerical tools will be th
object of future investigation.
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